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A set of constitutive equations is derived to describe the time-dependent flow of
a dilute suspension of identical rigid particles of arbitrary shape which are influenced
by Brownian couples. The form of the orientation probability distribution for small
departures from isotropy is found. The case of weak flows with strong Brownian
effects is studied in detail, and the viscoelastic approximation and second-order-fluid
limit of the constitutive equation are derived for a general particle shape. A full
numerical solution is given for ellipsoids. The general nearly spherical particle is also
considered and constitutive equations for general flow strengths are obtained for this
case.

1. Introduction

The first systematic study of the rheology of a dilute suspension of identical particles
sufficiently small to be affected by Brownian motions would seem to be that by Giesekus
(1962). In his paper he considers a dilute suspension of spheroids (i.e. ellipsoids with
an axis of symmetry) and examines in detail the situation in which Brownian effects
play a dominant role. In a series of papers, Leal and Hinch have extended the analysis
to cover also the cases of weak Brownian motion (Leal & Hinch 1971; Hinch & Leal
1973), an intermediate regime of weak Brownian motion (Hinch & Leal 1972) and the
entire range of flow strengths for nearly spherical particles (Leal & Hinch 1972). In
every case, attention is confined to spheroidal particle shapes. The purpose of this
paper is to develop a description which is not restricted to axially symmetric particles,
and which will enable particles of a general shape to be treated.

Throughout we shall be concerned with identical, rigid, force-free particles in
a suspension which is dilute and spatially homogeneous. Thus hydrodynamic inter-
actions between the particles will be neglected, and there will be no Brownian forces
tending to change the particle concentration in physical space. In fact, owing to the
coupling between translation and rotation for, say, a screw-shaped particle, it is not
a priori clear that we can ignore the translation of the particles. An order-of-magnitude
argument demonstrates that the rotational effects are significantly larger than the
translational ones, however (see the note at the end of §2.2), and therefore in what
follows we shall concern ourselves with them only.

The particles will be taken to be sufficiently small for the Brownian couples on them
to produce significant effects, and in consequence all physically reasonable motions
of the suspension will correspond to a Reynolds number based on particle size which
is small. The suspending fluid is taken to be Newtonian.
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The paper is divided into five main sections. In §2 we construct the basic apparatus
needed to handle the orientation statistics for a general body. In § 3 this is applied to the
case in which the distribution is nearly isotropic, and in §§4 and 5 explicit forms are
given for the ‘linear viscoelastic’ and ‘second-order-fluid’ regimes. Numerical com-
putations of these formulae for the particular body shape of an ellipsoid (with no
symmetry) are given in §6, and finally, in § 7, we consider the general near-sphere limit
for the particle shape.

We do not discuss here particular flows of the suspension. The spirit of this paper
is to indicate how the constitutive equation constructed for the suspension is connected
with the more general phenomenological theories of complex materials. Also we make
no apology for assuming that the tensors which characterize the motion of a particle
in a linear flow are known. The problem of finding these for a general body shape is
formidable, and outside the scope of this paper.

2. Basic formulation
2.1. Orientation statistics

The assumption of diluteness means that each particle of the suspension can be con-
gidered independently. In order to treat the microstructural kinematics, therefore,
we need find only a method of describing the orientation of a single particle. Almost
all previous studies of Brownian rotations have restricted attention to axisymmetric
particles, for which the orientation statistics can conveniently be given in terms of
a unit vector along the symmetry axis. Brenner (1967) discusses the Brownian motion
of particles of a general shape. (He derives formulae for both the Brownian force and
the Brownian couple on a particle: we shall be concerned only with the couples here.)
His Euler-angle representation of orientation is, however, exceedingly cumbersome
and use cf such a representation produces results which are complicated (see Workman
& Hollingsworth 1969) and difficult to extend to such problems as the one described
here.

The method that we employ to specify the current orientation of a particle is to
give the rotation matrix R,, from some reference configuration to its present orienta-
tion. We adopt the convention that tensors to be evaluated in the reference state
shall have Greek suffixes, while Latin suffixes are used in the current state. Thus as
the particle rotates in response to the hydrodynamic forces on it, so the rotation matrix
also changes. In other words, in the space of all possible linear transformations from
one co-ordinate system to another, which in general involve stretches and rotations,
we are concerned with the three-dimensional subspace represented by all orthogonal
matrices R.RT = 1. There is a large degree of redundancy in this representation of
orientation space: R has nine components while the space considered requires only
three; nevertheless this proves to be very much easier to handle than the Euler-angle
representation, which uses just three variables.

Where the effects of Brownian motion are important, the orientation of any given
particle of the suspension is only statistically determinate. We introduce an orienta-
tion probability distribution function A4(R, t) so that A dr gives at time ¢ the propor-
tion of particles whose orientations lie within a small region dr of that specified by R.
(d7 can here be thought of as any convenient way of labelling a small volume of orienta-

tion space.)
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A" is normalized:
f Adr=1 forall t (2.1)
orientations

It must also satisfy a conservation law in orientation space:
oN[ot+V.F = 0, (2.2)

where # is the probability flux vector in orientation space and V is the gradient
operator in that space. The problem of finding an explicit representation of the V
operator is treated in appendix A. It is shown there that, if f is any scalar function of

orientation, then
(V)i = eris By 3f/3Rja- (2.3)

It is further demonstrated that (2.3) is valid irrespective of whether 6/0R is interpreted
as a projection of a nine-dimensional gradient in the space of all linear transformations,
or as a gradient defined only in our three-dimensional subspace.

2.2. The particle material tensors

With the assumption of diluteness, we may consider each particle of the suspension
separately: as if it were in unbounded fluid with a prescribed velocity gradient at
infinity. If, further, the particles are so small that on the microscale the Stokes
equations are applicable, then as discussed by Hinch (1972), with some sign changes,

linearity gives that
F X P Q u-U
(L) =uV (P’ Y R) . (w—ﬂ) , (2.4)
S Q R Z E

where F, L and S are the force, couple and stresslet exerted by the particle on the
fluid, # is the ambient fluid viscosity, V the volume of the particle, (u—U) and
(w — ) its velocity and angular velocity relative to those of the fluid at infinity, and
E the symmetric part of the velocity gradient at infinity. The matrix of (tensor)
coefficients is determined by the size and external shape of the particle. It is symmetric
and positive definite. Nir, Weinberger & Acrivos (1975) construct variational
bounds for the material tensors that appear. They also discuss the additional internal
symmetries of the tensors which are the elements of the matrix. The evaluation of the
six unknown tensors is achieved by the solution of appropriate low Reynolds number
problems for the particle. For the most part we shall assume that these tensors are
known, but in §7 an explicit determination for nearly spherical particles will be made.
A recent paper by Youngren & Acrivos (1975) indicates a scheme by which they may
be found numerically.

Throughout we shall be concerned with force-free particles with no external couples
except those due to thermal agitations. We are interested in two effects: the particle
angular velocity and the stresslet produced by the particle. By linearity we may add
the separate contributions to these from the Brownian couples and the fluid straining
motion at infinity. Thus we write

w=wlt+rwd, §=8B}8§H (2.5)

These two contributions are now considered separately.
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Contribution from Brownian effects. As discussed by Brenner (1967) and Brenner &
Condiff (1972), by an extension of Einstein’s original argument the random Brownian
couples may be replaced by an effective entropic couple:

LB = —kTVlog A
As the particles are force-free, F = 0 and u - U = — X-1.P.w?, so that
wB =—-DM . Viog4, (2.6)
where D=FkT/6uV, M=6(Y-P .X1P)1 (2.7)

The non-dimensionalized mobility tensor M is independent of the size of the particle
and ||[M|| is O(1) except for extreme body shapes. M = I for a sphere. Also,
S8 =3uVDB .Vlog.Lt,

where

B, =—-2(Y-P . X1P)} (R—P'" . X1 Q)1pss (2.8)
and Brij = By
B is symmetric and traceless in its last two suffixes. It is, in fact, the tensor intro-
duced by Bretherton (1962).

Contribution from the straining motion. Similarly, for the hydrodynamic contribu-

tion we obtain wi = Q+1B:E, SH=uVC:E, (2.9)

where

Oijlm = Zijlm - Q;ij X;I% lem + %(Rijs - QiJ‘p X;I%Pka) lem' (2- 10)
The particle tensor C is (essentially) that used by Batchelor (1970a). C is symmetric
and traceless with respect to both its first and its second pair of suffixes. It is also
symmetric under interchange of these pairs.

Note on the coupling between translation and rotation. In view of the coupling tensor P,
which is non-zero for screw-like particles, the Brownian rotation of the particles induces
an additional translational velocity. It may then be thought that an additional term
should appear in the probability conservation equation (2.2), viz. (9/¢x).(#u?). The
following dimensional argument shows that this term is small in comparison with the
rotational term (9/20). (A4 w®). If I is a particle length scale and L a macroscopic
scale then |w?| = O0(D), and so |u®| = O(DI). Hence |(8/0x).(#"u?B)| = O(DI/L)
while |(0/28). (V' w?B)| = O(D), which is larger by a factor O(L/l). Now our underlying
agsumption throughout has been that I/L is small, and therefore to the accuracy of
our averaging procedure the translation term is negligible. Note also that coneentra-
tion gradients in physical space produce Brownian forces whose effects are similarly
an order of magnitude smaller than those we have included.

2.3. The form of the particle stress
The stresslet exerted by just one particle on the fluid has now been derived as
S =3uVDB' Viog A4 +uVC:E.

As shown by Batchelor (1970a, equation 5.16), the total particle stress in a dilute
suspension of total volume ¥, whose statistics are determinate is

1
of =% 2 (Si; + Y€ L)
0 particlesin 7,
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Here the sum must be replaced by an average over orientations giving
7P = 3uDD{(e+ B’).Vlog N> +u®(C): E
where @ is the volume concentration of particles and for any quantity i we define

(zﬁ) = zﬁ./Vd‘r. (2.11)
orlentations
Now, in the first term,

{(e+B’).Viog A"y = [(e+B'). VA dr
= [V.[#(e+B)ldr— [ #'V.(e+B)dr.

But A" is a single-valued function of orientation and so the first integral vanishes by
the divergence theorem and hence

6® = —3uDP(V.BY+uDd(C): E. (2.12)
The noted symmetries of B and C ensure that the stress tensor is symmetric. This was
to be expected, since no external couple acts on the suspension as a whole, and the
random Brownian couples can make no systematic contribution to an antisymmetric
bulk stress.

We can use (2.3) to evaluate V.B:

V.B = —2F, (2.13)
where
Fij = 3B+ exnBra)- (2.14)
Note that F is a symmetric traceless tensor depending only on the particle shape.
Further, F; = R, R;; F 4, where F° is independent of R. We may thus put
(F)=(R.R)PF°,
with F° evaluated in the reference state. (C) may be dealt with similarly. We thus
obtain the result
7 = 2uP{3DF} (BinRip) + 3004, (Riu By By Bis) Ky} (2.15)
The first contribution here is the diffusion stress, while the second arises from the
ambient straining motion.

2.4. Derivation of the Fokker—Planck equation
We see from (2.15) that in order to calculate the bulk stress it suffices to know A" so
as to be able to evaluate the second and fourth moments. The evolution of A~ is
governed by (2.2) with the probability flux # = 4 w = A (w? + w¥). The probability
conservation equation thus becomes by (2.6),
oN [0t +V (N R+3AB:E)=DV.(M.VA). (2.16)
This is the appropriate form of the Fokker-Planck equation for the problem. It is
clear that the two contributions to w represent advection and diffusion of A" in (2.16).
As before we can use (2.3) to give an explicit representation of the V operator in

(2.16). On writing Q = — }e: &, where § is the antisymmetric vorticity tensor, and
giving the suffixes in full, this becomes
oN oN oN
+QURM3R +3Bip B, eki,Riaﬁ—_ME. F;

oN”
= DMklesz 1o 3R [elmn RmﬂaR ] (2'17)

9 FLM 84
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Equations (2.15) and (2.17) together provide the constitutive equation for the
suspension. In principle, given some initial conditions for A4 and a prescribed E(f) and
$3(t), which may themselves be derived from the solution of an appropriate boundary-
value problem, (2.17) can be integrated forwards in time to give a new A(f) and,
through the angle averages in (2.15), a new o. Clearly, in general this is a formidable
task. In order to make further analytic progress, we restrict attention from § 3 onwards
to situations in which the orientation statistics are approximately uniform, and thus
consider only small departures from the isotropic, Newtonian fluid structure.

We note in passing that some progress can be made in the general problem by means
of a method of moments. In appendix C a useful exact result for the second moment of
A" in terms of the fourth moment is obtained. As usual in a moment technique, some
truncation procedure for the progressively higher moments which arise is necessary
to provide a closed system of equations.

3. Nearly isotropic orientation distributions

There are two circumstances in which we may expect a priors that to lowest order
the orientations of the particles will be randomly distributed: first where Brownian
effects play a dominant role, and second where the particles are nearly spherical and
the flow is not exceptionally strong. In either case then, 4~ ~ constant = 1/87% by
virtue of the normalization (2.1). We now consider the smallest perturbation from this
case. Letting y be a typical strain rate, in the former case we may definee = y/D < 1.
In the latter case, if € € 1 is a measure of the non-sphericity of the particles, then
B and hence F are each O(¢). Hence expanding

N = 1/87% + €M+ O(€?), (3.1)
substituting in (2.17) and retaining O(e) terms gives
oM o] 0 oN] 1
—3_[- + Qij'RJ'a m - DMklekiJ'Ria ija [elmanﬂ m] = 8?; Eij ‘Ejj’ (3'2)

where the right-hand side is O(1). (In the former case, | Q|| is O(y) and so the second
term is also negligible to this order.)
Now the right-hand-side forcing in (3.2) may be written as E,; R, R;; F3,/8n%. This
suggests the substitution
M = (1/87%) ;,4(t) B, Ry, (3.3)
where  is independent of R, in close analogy with the near-sphere problem of Leal &
Hinch (1972). Now in order to preserve the normalization we require f Mdr =0, 80
noting that f R, R;pdr = 8n%3,;,0,, (see appendix A), it suffices that «;,, = 0. In
fact we suppose that
Lisa = Yiiap = Yiiger Yiiap = HZijaa =0 (3.4)
and verify a posteriori that these conditions are preserved by the equation for the
time evolution of .
The algebra involved in substituting (3.3) in (3.2) is tedious but straightforward and
leads to the equation

a'%iaﬂ/at - Qip '%J‘aﬂ + Qp:i '%paﬂ + K;/%'ya "yijw = G_lEij Fgﬂ’ (3-5)
where K-1is defined by (C 2).
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It is easy to verify that this equation does preserve the symmetries (3.4) assumed
for .. Further, as all the terms appearing in (3.5) are independent of R, the quadratic
form assumed for A7 in (3.3) is shown to be appropriate. By comparison with the
analogous quadratic formula obtained by Leal & Hinch (1972) it is clear that, just as
we can accommodate the greater complexity of non-axisymmetric bodies by use of
a matrix R rather than a vector p, so we can specify the ‘shape’ of the probability
distribution by the fourth-rank quantity .« rather than their second-rank tensor A.

A particularly simple form of (3.5) arises when, to sufficient accuracy, the diffusion
tensor is isotropic, i.e.

M = 1+0(), (3.6)
which is found to be the case for nearly spherical particles and axisymmetric disks. In
that case we may take &;,; = $4,;F), (if F + 0) and we then obtain

DA|Dt +6DA = 3Ec, (3.7)

where the Jaumann derivative 2A/2t = dAjot+A.$—&Q.A. Equation (3.7) is
identical to equation (5) of Leal & Hinch (1972), thus showing that for small departures
from isotropy the orientation-space probability distribution for any nearly spherical
particle shape is essentially the same as for axisymmetric near-spheres.

To complement (3.5) we need also the form of the stress in the nearly isotropic case.
The angle averages appearing in (2.15) may now be computed correct to O(e) from
the known form for .4]. For instance (R.R) = (R.R),+€e(R.R), + O(e?) (where by
the notation (), we mean f YA dr, n=0,1,2,...), and so from the results of
appendix A,

4 (B Bip) = 30,;0,5+ $e,jup+ Ol€?),
an
(BiyBig By Bis) By = g6 B[ —26,50,5+ 3(3,, 855 +0,505,)]

+ f%ﬁe{lﬁ(Ein&/jnﬂy 64:8 + Ein“{jnﬂa 60:7) + 2(Ein"%na'y 6,88
+ Ei‘n .5{1."“6 6,37) - 12(Ein “ijye 60:,8 + Ei‘n %naﬂ 676)}
+ {same terms with ¢, j interchanged} + isotropic terms + O(e?).

Care must be taken to retain consistently the important terms in (2.15), however,
for when Brownian effects are dominant, the diffusion stress is apparently O(e!)
greater than the hydrodynamic stress. We therefore restrict attention to this case
first, and return to the near-sphere case in §7.

4. The limit of linear viscoelasticity

Here we take very weak flows but place no restriction on their time variation. Thus
e = y/D < 1 and O(e) terms are negligible. It follows that the probability distribution
will adjust to changes on a time scale D-1. Thus if we non-dimensionalize E and £3
with respect to ¥, and ¢ with respect to D! then (3.5) becomes

a‘%ijaﬂ/at + K;;}ya'%ij'yd = Eijpgﬂ, (4 1)
and to this order of approximation
ESLI;) = 2ﬂ¢7{%F2,9 Ljup+ ol Ogﬂaﬂ +O(e)}. (4.2)

Now as (4.1) is a linear equation, it can be solved by standard normal-mode techniques:
the problem is that of diagonalizing K, resolving ¢ and the right-hand side of (4.1)

14-2
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N AN ™™ TNV
1 4(D14 D2+ D3) diag (D®*D3, D*DY, D1D?) diag(1,1,1)
2,31 2D+ D*+ D% + k diag (T{9, cyelic diag (D'T(),
permutations) cyclic
permutations)

. —-D . .1,
4 4(D'+ D? + D?) (D8 . ) (—1 . )

R R . D .
5 4D '+ D* 4+ D3 1 . . D . .

6,8 Obtained from 4 by cyclic permutation
7,9 Obtained from 5 by cyclic permutation
t Where T(}) = [2D'+ 2D*— AD* T k} [2D° + 2D'— 4 D2 F k]
and k? = 2[(D'— D?)2 4 (D% — D2 4 (D3 — DY)2].

TABLE 1. Spectrum of relaxation times and weight functions for the linear viscoelastic regime.

along the eigentensors of K~ and thus, with an exponential time dependence for each
normal mode, obtaining .. Details may be found in Rallison (1976) and are available
from the author on request. Then on substituting in (4.2) we have

7@ = 24Dy {ﬁogﬂaﬂ E(t) + f C =) E@)dr +0(), (4.3)

— QO

where the memory function m is given by
9

m(g) = X wMexp (—AME). (4.4)

N=1
The weights w'¥ are forced by F, so that
W) = §(FO; T0) (PO T0)/ (T T, (4.5)

where T and T™¥* are respectively the eigentensor and adjoint eigentensor of K-1
corresponding to the eigenvalue AY. In table 1 this diagonalization of K- is shown
for a general mobility tensor M whose eigenvalues are D, ¢ = 1,2, 3.

From the form of the T™ it will be seen that, since F? is symmetric and traceless,
w®) vanishes for N = 1,4, 6 and 8. Thus in general the suspension will display five
distinct relaxation times in the linear regime. Where the particles are orthotropic,
however, the further symmetry of F©® implies in addition that wf™ = 0for N =3, 5
and 7 and so only two time scales are apparent. Finally, in the degenerate case in
which the particles are axisymmetric rotation about the symmetry axis (say the ‘1’
axis) is irrelevant, and so only one diffusion coefficient ean appear. In this final case
there is just one relaxation time, 6D2 (= 6.D3), and either w® or w® is zero (depend-
ing on the choice of degenerate eigenvectors).

It is therefore possible to distinguish between different shapes of suspended rigid
particles by observation of the linear relaxation spectrum. Further, we can compare the
result here with the earlier literature concerning simple deformable particles (see, for
instance, Lodge & Wu 1971; or the review article of Williams 1975). It is known that,
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for Rouse-Zimm type models of systems with large numbers of internal degrees of
freedom, more than five time scales appear, corresponding to the various modes of
deformation. It follows, then, that at this level rigid and deformable particles can be
distinguished.

To facilitate comparison of the form of ¢ with the polymer literature, it is convenient
to write (4.3) and (4.4) in terms of a complex viscosity u* which gives the ratio of &
and 2E when each varies as e*t. Clearly,

P ~ , w
Ll 0402+ 5 377

This is very similar to comparable results for Rouse-Zimm chains (except that the
second term becomes a sum over many more modes) but with the crucial difference
that the first term does not appear in most such analyses. Thus in the high frequency
limit, @ — 00, we here predict a non-zero contribution to the viscosity of the suspension
from the presence of the solute. It arises because the form of the hydrodynamics used
here has incorporated a finite particle size, rather than a point friction force. Its
appearance is necessary to explain many of the high frequency data obtained from
dilute polymer solutions (see Fixman & Evans 1976).

5. The second-order-fluid limit

Here we again consider weak flows, though not so weak as in the viscoelastic limit.
The further demand however is made that time variations are slow. With E and &
non-dimensionalized with respect to v, and ¢ scaled by ¥, we may take ¢ = y/D < 1
and (2.15) becomes

6:(11])) = 2/“q)7{3Fgﬂ<R'La R]'ﬂ>1 + %qu Cgﬂ-)'d(Ria Rjﬂ prR(ﬁ)O
+€[3(R Rigdo Fop+ 3B, Cp B, Big Ry Rypn ] +O(€®)). (5.1)

Also, (3.5) becomes K3,s;,s = E;; F5, Hence by inverting K=! by means, say, of
the diagonalization discussed in §4, we obtain

'%jaﬂ = KaﬂyaFgaEij’ (5-2)
where we require K 4, K, s = 4(8,, 043+ 0,585, — §0,40,5). It is convenient to write
so that G is another symmetric traceless tensor determined solely by the particle

shape.

We are now in a position to compute all the averages in (5.1) with the exception
of (RR),. This could be found indirectly via an equation and solution for .4;. In
this case, however, it is much easier to use the second-moment equation of appendix C,
which becomes at O(e2), with our non-dimensionalization,

K ;;aﬂ(Ria Rigde = —KR,, R fot+ Qsm<Rm‘y By — th<Rs-yRm6>1
- %ea,u‘y B2ﬂ0<Rs,u RtaRpﬂRq0>1 qu - %eapﬂ Bgﬂ0<Rs‘y Rt/t Rpﬂ Rq0>1 qu’
where the { ), averages on the right-hand side are known from (5.2) .Writing

Ngﬁ = eaMBgﬂB G%" +€aﬂ‘/B2ﬂ/4 G‘/)ld’ +€aI‘3Bgﬂ‘ngp + EaﬂaBgﬂng‘y (5.4)
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so that N is another symmetric tensor determined by the particle shape, and com-

puting the angle averages, we find
2E
<RiaRjﬂ>2 == %Kaﬂya G'ya (@;)ﬁ -5 Ka,eya Nya (E.E—-}E:E I]ij

and so finally

6@ = 2u®y{c,E +¢e[c, PE[Dt + co(E. E — 3E : EI)] 4 O(e?)}, (5.5)
where the constants c; are determined from the particle tensors as follows:
6= %FgﬂGgﬂ +T%02ﬂaﬂs
Cy = — %FgﬂKaﬂ‘yaG‘?’a: (56)
C3 = %Ggﬂcgayﬂ — o5t 3/2 KaﬂyaN 2a-

Equation (5.5) is a constitutive equation of the well-known second-order-fluid form.
Note that, as the coefficients which appear are scalars, they are independent of our
choice of particle reference axes, as indeed they must be. We may characterize such
a fluid by its behaviour in steady simple shear, for which

o1 = pPye,
o1~ 033 = pPye(—co+3c5) = p@y?Ny/D, (5.7)

092 — 033 = pDye(cy + §c5) = pP@y*Ny/D.

The viscometric functions ¢;, N; and N, depend only on the particle shape. These
results are a generalization of those of Giesekus (1962) for spheroids.

Once again a comparison of this result with that of previous workers on flexible-
particle suspensions can be made. Since the second-order-fluid behaviour is deter-
mined solely by the three constants c,, N, and N, it is clear that experimental
determination of these can provide little precise information concerning the particles
of the suspension. We note, however, that, in all cases where the hydrodynamics of
a particle (flexible or rigid) has been treated by regarding its effect as a set of non-
interacting point forces on the fluid, ¥, vanishes (e.g. Curtiss, Bird & Hassager 1976).
The more sophisticated hydrodynamics of our analysis, represented by the use of
resistance tensors (2.4), indicates that the Weissenberg hypothesis (I, = 0) is not
valid generally, however.

6. The coefficients for ellipsoids

In view of the rather abstract analysis of this paper so far, it may be worth while to
give a full solution for a particular particle shape. The ellipsoid is a natural choice here
since Jeffery’s (1922) solution of the Stokes equations for an ellipsoid is available, and
in the particular case of a spheroid the answers obtained here can be checked against
the previous work of Leal & Hinch (1972). The numerical solution presented for non-
axisymmetric ellipsoids is believed to be new.

We consider an ellipsoid of semi-major axes (a, b, ¢) with unit vectors p°, q° and r°
along those axes in the reference state. Then, as shown by Batchelor (1970a), the
important tensors (with small changes of notation to conform with this paper) are

Y8, = 4[J, + 21, b%%/(b% +c*)?]~* p? pf + (2 similar terms),

0 b2—c? o 0.0
Baﬂy = mpaq‘};ﬁy-f- oot s,



Relaxation time

Brownian rotations of particles of arbitrary shape 247
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12 6+ 24 log (r)/r?
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Relaxation time

F1eure 1. Relaxation times for spheroids. (Note that only A® appears in
the linear relaxation spectrum.)

01

0-01

0-001

F1GUre 2. Relaxation times for ellipsoids with b = ve, ¢ = ga, v = 0-1.
(Note that A¥ does not appear in the linear viscoelastic spectrum.)
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F1oure 4. Weight functions for ellipsoids with b = va, ¢ = pa, v = 0-1.
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Oaﬂ‘)n? i(J J2+J J3+J3J) %Il ...+...,
where the I, and J, are elliptic integrals defined by Batchelor (1970a). These give
b2 az _c?
aﬂ—chag( 2+b2 Cz,...,...)
and
M, = diag (3[J + 21, b%% (b2 + %), ..., ...).

As this is an orthotropic body, only two relaxation times A® and A® appear in the
linear relaxation spectrum (though A® does appear in the inversion of K-1). These,
and the coefficients ¢, can now all be computed after a numerical evaluation of the
integrals I, and J;. The results for spheroids and a non-axisymmetric ellipsoid are
shown graphically in figures 1-8. Figures 1 and 2 show the relaxation times (with A®
included for completeness) and figures 3 and 4 give the corresponding weight factors
for the memory function in the linear viscoelastic limit. The viscometric functions for
second-order-fluid behaviour are shown in figures 5-8. The results for spheroids
agree with those of Leal & Hinch (1972) (with small corrections) though here we show
the full shape dependence whereas their parameter D (as defined in Leal & Hinch
1971) is still shape dependent. Tables 2 and 3 give asymptotic results that may be
obtained analytically for particles of given volume. These are shown on the figures
for comparison with the numerical results. Note that, with our choice of reference
axes, all particle tensors of the second rank that appear are of necessity diagonal.
Only the diagonal components are given in the tables.
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Fraure 6. Normal-stress dependence for spheroids, a = br, b = c.

We may make the following observations from the results. First, in the linear visco-
elastic regime, the weights corresponding to the two relaxation times are comparable
in magnitude for all shapes except axisymmetric ellipsoids, where one vanishes. Thus,
this case apart, both may be expected to appear physically in the linear relaxation
spectrum.

Second, we note that the relaxation times for rods and ‘tapes’ of the same volume
differ greatly in size. (We use the term ‘tape’ to describe an ellipsoid whose axes are
all substantially different in length.) This difference arises from the different rotational
mobility of each particle, which depends strongly on its length rather than its volume,
and hence the ease with which it can execute modes of rotation. This can be under-
stood from slender-body theory (see, for instance, Batchelor 19705). If we label the
a, b, caxes 1, 2, 3respectively, then asc > a > b the tape may be regarded as a slender
body of aspect ratio cfa = u. Thus the mobility to rotations about the 1 or 2 axis is
3[c3/(log (c/a) abc)] = 3vlog (u)/u® as in table 3. Similarly, for rotation about the
3 axis the mobility is 3(a%c/abc)—! = 3v. The asymptotic results for spheroids may be
interpreted in the same way. The relaxation time A® thus corresponds to rotations
of the ‘long’ axis and A® to rotations about it. The fact that the former mode has two
degrees of freedom while the latter has one (or, effectively, none for spheroids) gives
rise to the inequality of w» and w'®.
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Finally, in the second-order-fluid regime, the second normal-stress difference
(represented by N,) is seen to be negative for all shapes except spheres. The fact that
it is non-zero violates the Weissenberg hypothesis, though numerically it is smaller
than the first normal-stress difference, typically by a factor of about 6.

7. Nearly spherical particles
7.1. The shape tensors
We consider a particle whose external shape is given by a surface § with equation
r = a(l+¢f(0, ) +e9(0,$) + O(?), r*=2*+y*+2 (7.1)

where ¢ < 1 and 0 and ¢ are spherical polar angles. By means of a suitable choice for a,

we demand that the particle volume
V = $na. (1.2)

By applying (7.2) at O(e) and O(e?) we have

fds =0
=1

7

and f (f+¢9)dS = 0.
r=1

(7.3)

Now, it is convenient to decompose f (and similarly g) into a sum of spherical surface
harmonics. We write

f= gof(n)’
where f,, is a harmonic of order #, i.e.
VA(r"fm) = VA(r—""f () = 0.

The volume constraint (7.3a) gives f = 0, and further, f, corresponds merely to
a translation of the ‘centre’ (or centre of reaction) of the near-sphere without de-
formation. We may therefore take f, = 0 also. Now, following Barthés-Biesel &
Acrivos (1973) we put

(=) 1 -

Jy = @O T, 00y, ~ = T, my-om, 1™ (7.4)
where T®™ is an nth-rank tensor which is symmetric with respect to interchange of
its suffixes and traceless under any contraction. The set {T™|n > 2} then represents
the shape of the particle tensorially.

7.2. The material tensors for near-spheres

In order to construct a constitutive equation for a suspension of near-spheres, we
need the material tensors which appear in (2.5). The problems of finding P, Q, R,
X and Y correct to O(e) have been treated by Brenner (1964a,b) and by Taylor &
Acrivos (1964). The final problem, that of finding Z, is considered here in appendix B.
Each material coefficient may be expanded as a power series in €. We write, for instance,

€0 = €U0 4 €+ 2C0) + O(e?),
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so that at leading order the particles are spheres and higher-order terms result from
the deviation from sphericity. We now summarize the near-sphere results to the
accuracy to which we shall need them:

X0 = (9/2a*) 1+ O(e), Y°=61+0(c), P°=0(e?),

Q° = (9/7a)eT® + O(e?), RY,, = 3e(6psy T +6€,4y T'R) +O0(e?)
and
aﬂy& = 2( 6/96 + 8::8 8/97 % ﬂaya) + GZg(/}))'J + GZZg(Z)d + 0(63)’

where Z%V is given by (B 10) and 23}, by (B 17). Hence by (2.8),
Bgﬂ'y = _e(eﬂa‘y t(!2g+€a8‘y (2)) + 0(62)

and so
F° = 3¢T® + O(e?).
By (2.10)
CO = Z%+ O(e?),
and

®
CUR)y = 780, — 9TO TO_[T®: TO = 3 £, T T
n=2

using (B 7). The constants &, are given by
-17—5- n= 2,
k,={d m=3

75(24n3 — 2002 — 302+ 65) nn !
22n—1)(2n+1)(2n+3)!1 °

Finally, from (2.7) we have M° = 1+ O(e).

n >4,

7.3. Form of the constitutive equation

We are now in a position to find the constitutive equation for a suspension of identical
nearly spherical particles. We expect that the orientation statistics of such a suspension
will be approximately uniform for all but the strongest flows, so that we are able to
relax the restriction of dominant Brownian couples in this section and study moderate
flow strengths. With the special forms of C° and F° appropriate for spheres, i.e.

Cc%R) = $(8,, 055+ 0,49 36,565, FO(O)
(2.15) shows that 7o 6+ 02305y — §0ap0ys

7)) = 2u®{eFXP(R,, Bigdo+ e( Ry Bip) )+ 58+ 100(/71))'8 pa{Bia Bjg Ry Bog)o
+e(B,RpR, R )] + %6202(}))'.3( ia i Ry Bysdo+ O(€®)}).  (7.5)
Thus, using the known forms of .#; and .47 in the angle averages, we obtain
G = 2uOBE,;+ P5eCoR B+ A RDFIP A 10 g+ 150650 By
+ 35 (Hgy B+ Ay, By Cg(ﬂlay %9, Ekl%tﬁyogga);y)] +0(e%)}. (7.6)
With the nearly isotropic diffusion coefficient, (3.7) applies and so (7.6) becomes
8P = 2uP(SE +2T®: TOEDA+ KE+3(A.E+E.A-}IA:E)]+O0(?)}, (7.7)
where

= ( E knT(")3 T(n)) / (10T(2): T(z))
n=2
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and from (3.7)
2A[/2t+6DA = 3E. (7.8)

Equation (7.7) is the same as equation (6) of Leal & Hinch (1972). Indeed for the
spheroids which they consider, T® = diag (%, —4, —%) in the natural axes for the
spheroid, and so (7.7) reduces exactly to their equation in that case. The rheological
consequences of the constitutive equation deriving from (7.7) and (7.8) are studied in
Leal & Hinch’s paper. The fact that the same constitutive equation has arisen here
indicates the following conclusions: first, only the second harmonic (i.e. the deforma-
tion corresponding to an ellipsoid) in the distorted sphere shape is important in deter-
mining the rheology (higher harmonics enter only through the scalar coefficient K,
which slightly modifies at O(¢?) the Einstein coefficient £ in the viscosity); and second,
in this case, the results would be unaffected by a restriction to axial symmetry. The
behaviour of a suspension of spheroidal near-spheres of suitable aspect ratio will be
the same as that of any suspension of near-spheres.

I am greatly indebted to Dr E. J. Hinch for numerous ideas, comments and helpful
criticisms made during the preparation of this paper. I also thank the Science Research
Council for financial support while this work was being done.

Appendix A. Properties of the rotation-matrix formalism
Expression for orientation-space gradients

Our aim here is to derive an expression for V in terms of derivatives with respect to our
chosen representation R. Consider two frames of reference:

(i) a rotating frame S fixed in the particle;

(ii) a reference frame 8% say Sat¢ = 0.
Then for a line element rotating with the particle, starting at x° and rotating to x by
time ¢,

x, = R, 3.
Now if de is an infinitesimal rotation,
do AX =dx = dR.x% = dR.RT.x.

But x is arbitrary, and so we find d@; = — %€, By, dR;, and thus oR,, [0}, = — €1, By
Hence if f is any scalar function of orientation,

(V)i = of[0dy = €xi; Bia of[oR,,. A1)

At this stage we should be careful to distinguish between derivatives with respect
to R;, which are constrained in the space of all linear co-ordinate transformations
to lie in the hypersurface consisting of pure rotations (such as the one above) and those
which are not so restricted. (The situation here is directly analogous to that in the
axisymmetric case, where the orientation-space gradient V is given in terms of a unit
vector p, and is related to the unconstrained gradient operator /op by

V = (1-pp).9/op.)

We determine the relationship between the two operators by the following technique.
Given some function f(R) define a function f(A) of all possible linear transformations A
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by f(A) = f(R), where R is (uniquely) derived from A by the polar decomposition
theorem A = RA, R is a pure rotation, R.RT = I, and A is a pure stretch, A = AT,
Then the elimination of A determines R in terms of A,

Now
of _ of Ry
94, oR,04,,
and so
9 _ ?
aRia A=l “FQR,, oR; 3B unrestricted

where the projection operator F,,;; = (0R;3/0A;,)a1- On performing the differen-
tiation and making the substitution, we obtain

Pyip = 3(8,50;;— By Byp). (A 2)
Now using (A 1) and (A 2) and simplifying we find
(V)i = €ri; By Of[OR,,,
where 9/0R;, is now unconstrained, and thus this formula for V is valid irrespective of

whether we consider the whole space of possible transformations or the restricted one
of rotations.

Orientation-space averages of products of rotations

In order to perform various averages, we need to evaluate such integrals as

Ien =f R...Rdr, (A 3)
orientations

where the integrand consists of the external product of 2n rotation matrices. The
cases n = 1, 2, and 3 suffice for our purposes.

Casen = 1: I® = f R, R;ydr. (Ad¢)

Since I® involves an integration over all orientations, it is clear that it must be inde-
pendent of the particular choice of axes in the reference state. Further, it cannot
depend on the choice of axes in the current configuration. It must therefore be iso-
tropic with respect to both its Greek and its Latin suffixes, i.e.

I%.; = Ad;;8,, for some scalar A.
Now contracting on 7,5 and «, 8, (A 4) gives
9A =3 f dr = 3 x (volume of orientation space) = 3 x 872.

(That the total volume of orientation space is 872 may be seen from, say, an Euler-
angle parametrizaticn: dr = sin §d0d¢ dy). Hence

19, = 8n28,5,, (A 5)

Case n = 2. Similarly, 7® must be express1ble as a sum of products of fourth-rank
isotropic tensors of the two types. So we can write

I‘g}claﬂyk = (81',1' 8kl’ 81:1 8jk’ 8ik 8_‘;’1) M (8:1;9 813’ 8«168;97’ 8:17 8;93)

for some 3 x 3 matrix . Now symmetry demands that the elements of /4 may be
of only two types corresponding to the cases where the permutations of 5kl and afyé
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correspond (the diagonal elements of .#) and where they do not (the off-diagonal
elements). Then by means of a suitable contraction and use of (A 5) it is easy to show

that
4 -1 -1
2
.4{:81(_1 4 _1). (A 6)

30 -1 -1 4

Casen = 3. Again we can construct a matrix formulation giving all possible products
of the 15 isotrcpic sixth-rank tensors of each type. Of the 225 terms that appear,
however, there are just three types. Analysis similar to that in the n = 2 case is able

to generate the corresponding coefficients.
(i) Where the permutations of the Greek and Latin suffixes are the same the

coefficient is 16 x 872/210.
(i) Where they differ in two pairs but are the same in the third the coefficient is

— 5 x 87%/210.
(iii) Where they differ in all three pairs the coefficient is 2 x 87%/210.

Appendix B. Determination of Z for near-spheres
Formulation of the problem as a regular perturbation expansion

To find Z we must solve the system

V.ea=0, V.u=0 outside S
with o= —pl+x(Vu+ (Vu)7T) } (B1)
and u=—-—E.r on §, u=>0 as r->oo,

where the particle surface is S and has outward normal n. Then as shown by Batchelor
(1970a),

Sy, = f [os; e — pluymy + ug )] S (B2)
s
and § = uZ°: E determines Z°.

It is obviously more convenient to replace the boundary condition on S with one

on r = a. So by putting
lu = u®+ eu® +e2u® + O(e?)

and expanding u as a Taylor series about r = a, we obtain a sequence of problems with
boundary conditions on r = a:

u® = —E.r,
)
u® = —(E.r+aa—u—)f, (B 3)
or
ou® ou® ou®
@) = — — — 12F2
u {(E.r+a o )g+af 5 + $a?f P },4

with each u™ tending to zero as r— o0 and satisfying the Stokes equations. Further,
as shown by Batchelor (1970a), the integral in (B 2) may be taken over any surface
enclosing the particle. With our new formulation this may be taken to be r = a. So
Z%n i obtained from the equation

s = [ wan - ptatm, + upn1as. (B4
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The zero-order solution
At this order the particle is spherical. The solution is well known to be

u® = — E.ra¥/r5—frr.E.r(a®/r5—a3[r7), (B 5)
P9 = —2ux$a’r E.r/[r.

Now as noted by Batchelor (1970a), the stresslet is given by the (— 3) harmonic in the

far-field form of the pressure. Thus
SO = $u4maE
and so
Z3QR)s = §(6, y048+ 0,504, —80,40,;)

as expected.

Application of the reciprocal theorem
Before proceeding to the O(e) solution, we establish a lemma via the reciprocal theorem.
Consider the fluid domain bounded by » = @ and a surface at infinity. Then for two
velocity and stress fields each satisfying the Stokes equations in the domain, vanishing
sufficiently fast at infinity but satisfying different boundary conditions on r = a, we
have

f_ u; 0y dS = w,03;n;dS. (B 6)

The ‘primed’ field we choose here is one satisfying u’' = —FE'.r on r = a for some
symmetric traceless tensor E’. The solution of the primed problem is then (B 5) with
E replaced by — E’. For the other field we choose the nth-order problem here. Then
after some straightforward algebra, (B 6) and (B 4) give

5
EékS%) = “5';" ;kf (r; uM + 7y u%")—g‘fpu;") d;x) dS.
r=a
Thus as E’ is arbitrary and $ is symmetric and traceless, we must have
y y
8@ = —2 [ () ™ — B ui 8,4) dS B7)
~2a),_, % T pUp  Oi) A0,

The usefulness of (B 7) is that it means that we can compute Z™ simply from a know-
ledge of u™ at r = a. It is unnecessary to solve the full Stokes equations to find u™
everywhere as would be needed for use of (B 4).

The first-order solution
We now apply the result (B 7) to find Z®. From (B 7), (B 3) and (B 5) we have

S = —@Esz f[gr-i:;‘#’"—rirm 0 —"u"m 8”] ds. (B8)

Using the expansion (7.4) of f in spherical harmonics, we can exploit the orthogonality
relation for such harmonics, which can be cast tensorially into the following form
(Brenner 1964a): if P{"; = (—)*r"*13_...5, r~* (n!)~! then
[4ma?/2n+ )T, m=mn
Y 1eeebn? ’
P JdS = (077100

r=a
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Noting in particular that PO = 1, P® = }(3r,7;/r*~8,;) and

LT il
Pl=3 [35’ :4”‘" 5@y +5 j’zml a terms) + (8,6, + 8 similar terms)] , (B9)

it is clear from (B 8) that the only contributions to Z®W are from the second and fourth
harmonics in f. On substituting we find that

Z50s = 51805, TR+ 8., TR + 85, T3 + 8, TH) — 4(8,, TR + 8,5 TE) ] — 43T5). 5.

(B 10)

Towards the second-order solution. We can again exploit the reciprocal-theorem
result (B 7) to give Z® when u® is known on r = a. Unfortunately, (B 3) shows that
for u® on r = a we need du™/or there, and this means that the full u® solution is
required. The derivation of the u® solution can be achieved via Lamb’s solution of
the Stokes equations in spherical harmonics, but the algebra involved is extremely
tedious and will not be presented in full here: we give only a brief cutline of the method
used.

The full u® solution

The problem for u® is, from (B 1), (B 3) and (B 5),

VO = Vp®, V. u® =0

with

ub->0 as r—>o (B 11)
and

u® = 5(rr.E.rfa? - E.r)f on r=a.
To solve this problem we use the technique of Happel & Brenner (1965, §3.2). This
involves expanding various functions of the r = @ boundary condition in spherical
harmonics, and then exploiting Lamb’s solution of the Stokes equations. By linearity
we may consider the solution forced by each harmonic in f separately, so from now on
we replace f by f(,) and perform a final summation to obtain the full u®.
In the notation of Happel & Brenner (1965), we require the expansions

r.u(l) © 'Y ©
=3 X,, —-aV.ub= Y, rVaub= ¥ Z (B 12)

a m=0 m=0 m=0

each onr = a, where the X’s, ¥’s and Z’s are all spherical harmonics. Here this clearly
gives
X,, =0 foreach m. (B 13)
For the Y,, we need to express such functions as r . E.rf(,/a? as a sum of spherical
harmonics. Suitable functions are considered below.
(i)
PSR ; VY (r-®iDf, ). (B 14)
This is a function of degree zero in r and V2(r—®+3(i)) = 0, so that it is a harmonic of
order n + 2.
(ii) Defining

tr (ET®™), 4, =Ey i T, (B 15)

Ap-2

and noting that
r~®—DE: VV(r*f,) = n(n— 1)r~2tr (ET™),

shows that this is clearly a harmonic of order »— 2.

e

odnoa T Ty
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(iii) Define
SET®), , = 5 E
170 n,=4

Irp

2 n—1
Tl(,n)

n
fepen T ) > 31,1,,“‘(ET("))zl...z,,*z,,zp (B 16)

p=1r=p+1

where 8d, the ‘symmetric deviator’ of the product E.T™, is essentially the same as
that defined by Barthés-Biesel & Acrivos (1973). This is completely symmetric and
traceless with respect to any pair of suffixes. So noting that

—\n
nrn SAETO), 7, .1, = é’fiﬁw(ewmhw,ﬂ 8.0y

shows that the left-hand side is clearly a harmonic of degree n. It is now a straight-
forward matter to express the Y, in terms of these harmonics. This gives ¥,, = 0 except
for m = n—2, n and n + 2. Similarly, to find the Z,,, we exploit the fact that V A (rf,)
is a vector spherical harmonic of order n, giving

Z,=0, m*n—1n+1,

5
B = =5 11" E VIV A (fin))
oa —n+1 n
Zyyy = Znt1 r E: V[ (fiy 1))

Lamb’s solution for u® is then (n)

© m—2
u® = z_] [V A X _tonr) + VO (i — 2om(2m—1) VP _tm+n
m+1 r
#—m(2_m — 1) P40 |1

and the relations between the functions y, ® and p and Y and Z are given by Happel &
Brenner (1965, §3.2).

A partial check may be made on these results by calculating (to O(¢)) the force and
couple on the particle. These may then be checked against the results of Brenner
(1964d), which are derived by & use of the reciprocal theorem. The force on the particle
is —4nV(r®p_y) and the couple is — 8muV(r3y_,). Both these relations give the
same answers for the tensors Q and R (in §7.2) as were given by Brenner. Further,
the stresslet can be computed from the p__; term. This produces the same answer
for Z%Y ag that obtained in (B 10).

Finally, we may use this solution for u® to compute du’/ér on r = a and hence, by
means of (B 3), find u® there. Then we can use (B 7) to give $® and with extensive
use of the orthogonality relation (B 9) we find that

Z2,= 3 ¢, T®: T,
net (B 17)
_ 15(24n° — 20n% — 30n + 65) nn !

where Cp = 2(2n—1)(2n+1) (2n+3)1! °

The full form of Z% has not been found. The contracted version in (B 17) is shown
by (7.6) to be adequate for our purposes.
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Appendix C. The second moment of the probability distribution

In this appendix we generate a useful exact result for the second moment of A" first
derived by Prager (1957) for the corresponding axisymmetric particle problem. This
may be obtained by multiplying (2.17) by RR and integrating over all orientations.
After two integrations by parts using the divergence theorem, we obtain the result

a<Rsy Izt&)/ ot — Q.~3m<Rm~,o Rta) + <Rsy Rm&) th +D ;Jlaﬂ<Raa Rtﬂ)
== %ea,u‘y Bgﬂ0<R8/4Rt6 RpﬂRq0> qu - %Ea,ut’ Bgﬂ0<Ray Rt‘u Rpﬂ qu?) 'qu’ (C 1)

where the particle tensor K- is given by
iy =— 38, M25+6,, M},) +4M7, sy Ops+2M358, 5. (C2)

Equation (C 1) gives the evolution of (RR) in terms of (RRRR). We note that the
time derivative represented by the first three terms of (C 1) is essentially a Jaumann
derivative (as it must be for tensorial invariance). Also, by taking fourth and higher
moments of (2.17) we could generate a hierarchy of equations for the evolutions of
averages of products of rotations each involving the next higher average. If E is
non-zero, then it is necessary to truncate the series at some point to obtain a closed

set of equations.
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